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Abstract
We construct in a manifestly supersymmetric form the leading and subleading terms in mo-
mentum for an effective supersymmetric chiral Lagrangian in terms of complex pions and
their superpartners. A soft supersymmetry breaking term is included and below the super-
symmetry breaking scale the Lagrangian reduces to the usual bosonic chiral Lagrangian in
terms of real pions.
Supersymmetry is an attractive candidate for constructing models beyond the Standard
Model [1] mainly because of the cancellation of logarithmic divergences in higher order
corrections thereby providing a solution to the naturalness nature of the hierarchy problem
which inevitably occurs when attempts are made to construct models in which new physics
is postulated between currently accessible energies and the Planck scale. However such
supersymmetric extensions of the Standard Model still require the existence of fundamental
Higgs particles, albeit in chiral supermultiplets. There has to date been no evidence of
the existence of fundamental scalars and one is naturally led to speculate that such Higgs
particles are not fundamental particles, but are low energy manifestations of the effects of
some new physics at a higher scale, which forms condensates when the couplings associated
with that new physics become strong.
It is interesting to consider the possibility that such new physics exists in conjunction
with supersymmetry and that furthermore the condensation scale of this new physics is
large compared with the supersymmetry breaking scale. It has been pointed out [2] that
the conventional fermion condensate of standard technicolour theories cannot occur without
at the same time breaking supersymmetry. Such a breaking would not be consistent with
the scenario proposed here since the breaking scales would then necessarily be the same.
However as pointed out in ref.[2], if it were not the fermions but a composite formed out of
the scalar supermultiplets of the fermions that acquired a vacuum expectation value, then
it is indeed possible to break the internal chiral symmetry, whilst at the same time preserv-
ing the supersymmetry. If that were actually the case then there would be an important
energy regime between the supersymmetry breaking scale and the chiral symmetry breaking
scale where physical processes could be described in terms of a supersymmetric extension
of the effective chiral Lagrangian proposed by Gasser and Leutwyler [3]. In such a model
the pions would be replaced by chiral supermultiplets with each pion having an associated
Majorana fermion (the “piino”). The effective action as in the case of ref.[3] has an infinite
number of terms with arbitrary coefficients, but can be systematically expanded in powers
of momentum (scaled by the chiral-symmetry breaking scale). Internal loops of the “piinos”
would have a significant effect on calculations which have been hitherto performed using
the chiral Lagrangian technique and there would be particularly interesting consequences
for the restoration of unitarity as more terms in the effective Lagrangian are taken into
consideration.
The requirement that the effective Lagrangian must be invariant under (N=1) super-
symmetry transformations order by order in momentum severely restricts the terms that it
may contain. As a method of obtaining the leading term, we begin by considering a super-
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symmetric Higgs model. It is important to note that such a model differs in a crucial way
from the effective chiral Lagrangian model proposed in that it contains fundamental Higgs
fields other than the Goldstone bosons and their superpartners. We use this model for two
purposes. The first is as a demonstration of how a model with a linearly realised chiral
symmetry and supersymmetry can be broken spontaneously into a model in which only the
vector symmetry is linearly realised, and the axial symmetry is realised by Goldstone bosons,
which transform in a non-linear manner and at the same time preserve the supersymmetry.
The second is as an aid to construct the leading momentum term of the effective theory.
The most general supersymmetric action of n chiral superfields, Φi, may be written as
I =
∫
d8zΦiΦi +
∫
d6sW (Φ) +
∫
d6sW (Φ) (1)
where the superpotential W (Φ) is a functional of chiral superfields alone. Because we
wish to construct the smallest chiral symmetry (for simplicity) we choose the manifestly
SU(2)L⊗SU(2)R invariant superpotential
W (Φ) = (Σ2 +ΠaΠa − f 2pi)Φ (2)
where in components we have (ym = xm + iθσmθ)
Σ(x, θ, θ) = σ(y) +
√
2θλΣ(y) + θ
2FΣ(y)
Πa(x, θ, θ) = pia(y) +
√
2θλa(y) + θ2F a(y)
Φ(x, θ, θ) = φ(y) +
√
2θλφ(y) + θ
2FΦ(y) (3)
where σm = (−1, τa), and τa are the 2×2 Pauli matrices, (a = 1, 2, 3). The chiral superfields
Σ and Πa transform as a (2, 2¯) under SU(2)L⊗SU(2)R whereas the chiral superfield Φ is a
singlet. Combining the Σ and Πa fields into the matrix H = Σ + iτ.Π, such that under
SU(2)L⊗SU(2)R H transforms as
H → LHR†,
our starting action becomes
I =
∫
d8z
[
1
2
tr
(
HH
)
+ ΦΦ
]
+ α
∫
d6s(detH − f 2pi)Φ + α
∫
d6s(detH − f 2pi)Φ (4)
which has the potential
V = FΣFΣ + F
aF
a
+ FΦFΦ
= σφσφ+ piaφpiaφ+
1
4
(σ2 + piapia − f 2pi)(σ2 + piapia − f 2pi) (5)
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The minimum of this potential is clearly V = 0 which may be achieved by giving the fields
the following SU(2)L⊗SU(2)R symmetry breaking vacuum expectation values (VEVs) †
< σ > = fpi < pia > = < φ > = 0 (6)
Importantly, as implied by the V = 0 minimum, no auxiliary field acquires a VEV with
the above assignments so supersymmetry is manifestly not broken in this model. Using
these VEVs we proceed to evaluate the fermion and boson mass matrices and arrive at the
following particle spectrum: ‡
• 3 massless complex scalars, pia
• 3 massless Majorana fermions, λa
• 2 massive complex scalars, σ and φ
• 1 massive Dirac fermion composed out of λΣ and λΦ.
where all massive particles have mass m = 2αfpi.
It may be pertinent to view this spectrum in the light of the symmetries of the system.
Ignoring supersymmetry for the moment, it is clear that the kinetic terms in eq.(4) have
an O(8) invariance. Obviously the other two terms in this action are designed to have
SU(2)L⊗SU(2)R invariance, and to allow invariant couplings to chiral matter fields (although
this latter point is not followed up in this paper). The symmetry of the action is therefore
at least chiral SU(2)L⊗SU(2)R, but since the fields in H are complex one may ask if this can
be extended. By allowing the group parameters in L and R to be considered complex, and
by adjusting the transformation law to
H → L†−1HR−1
permits the extension to transformations under SL(2C)⊗SL(2C) and coupling to correspond-
ing matter fields. In this scenario, the real part of the σ field mixes with the imaginary parts
of the pions to form a four dimensional scalar multiplet of SL(2C) (and correspondingly the
imaginary part of σ mixes with the real part of the pions to form a pseudoscalar multiplet).
One chiral SU(2)L⊗SU(2)R multiplet contains the real part of the σ field with the real parts
† We require that fpi be taken to be real in order for the model to reduce to the usual bosonic chiral
model below the supersymmetry breaking scale.
‡ The complex scalar fields are actually linear superpositions of scalar and pseudoscalar fields, such
that the real parts of the massive fields transform as scalars whereas the imaginary parts transform as
pseudoscalars - for the massless fields it is the other way around.
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of the pions as usual, and the other contains the complementary components. The trans-
formations under SL(2C)⊗SL(2C) make the eight component multiplet irreducible. It is
immediately clear that the detH remains unchanged as before. However the kinetic terms
(notwithstanding their O(8) invariance) are only invariant under the chiral SU(2)⊗SU(2)
subgroup of SL(2C)⊗SL(2C). It seems, therefore, that although the existence of the mass-
less triplet of pions follows as usual from the Goldstone theorem applied to the breaking of
SU(2)⊗SU(2) down to the vector subgroup, there is no corresponding broken symmetry of
which the massless scalar triplet are the Goldstone bosons. Instead this is a consequence of
the supersymmetry forcing the chiral superfield to be complex. Indeed we shall see shortly
how soft supersymmetry breaking which still preserves the chiral SU(2)⊗SU(2) symmetry
gives explicit masses to these scalars. In the absence of such soft terms one can demonstrate
that the masslessness of the scalars is protected by supersymmetry with a simple calculation
of the one loop correction to the scalar and pseudoscalar masses. For the pseudoscalars,
which are genuine Goldstone bosons, the contributions to the mass corrections from internal
boson loops and internal fermion loops vanish separately, whereas for the scalars the correc-
tion vanishes by virtue of a cancellation between internal boson loops and internal fermion
loops.
Restricting ourselves to low momenta (i.e. integrating out the massive degrees of freedom)
we are left with three massless chiral multiplets which contain precisely those particles which
we would expect to appear in the natural supersymmetric extension of the standard bosonic
chiral Lagrangian. It is important to note here that the massless and massive particles still
combine into supermultiplets, so that we can consistently integrate out all the massive fields
without violating the supersymmetry.
We may eliminate the massive degrees of freedom in a consistent fashion by taking the
formal limit where α→∞. When this is done we are left with the action
I =
∫
d8z
[
ΣΣ + ΠaΠa + ΦΦ
]
(7)
with the superfields subject to the constraint
Σ2 +ΠaΠa = f
2
pi (8)
This superfield equation contains three component field constraints
σ2 + piapia = f
2
pi (9)
σλα
Σ
+ piaλ
α
a = 0 (10)
FΣσ + Fapia =
1
2
(λΣλΣ + λaλa) (11)
4
The first consequence of these constraints is that the superfield Φ takes no part in the
interactions - it is therefore a spectator field and will be ignored from now on. Eliminating
σ, λΣ, and FΣ, i.e. inserting the above constraints into the kinetic part of the Lagrangian
in order to obtain the leading term in the low momentum expansion, the component field
Lagrangian becomes
L = gab
[
−∂mpia∂mpib + i
2
Dλb.σλa − i
2
λ
b
σ.Dλa
]
+
1
4
λaλbλ
c
λ
d
gad,bc −
1
2
λcλdgca,dF
a − 1
2
λ
c
λ
d
gca,dF
a + F aF
b
gab. (12)
The pia (pia) fields are the holomorphic (antiholomorphic) coordinates on a Ka¨hler manifold
[4] whose metric, gab, is given by
gab = δ
ab +
piapib√
f 2pi − picpic
√
f 2pi − picpic
(13)
and Dm the covariant derivative
Dmλb = ∂mλb + Γbrs(∂mpis)λr (14)
where Γbrs is the connection on the Ka¨hler manifold. The auxiliary fields are eliminated via
their equations of motion
F
b
gab =
1
2
λ
c
λ
d
gca,d F
agab =
1
2
λcλdgca,d (15)
The inverse of the metric exists allowing us to write
L = gab
[
−∂mpia∂mpib + i
2
Dλb.σλa − i
2
λ
b
σ.Dλa
]
+
1
4
Rdacbλ
aλbλ
c
λ
d
(16)
where Rdacb = gad,bc − grmgar,bgdm,c is the Riemann curvature tensor for a Ka¨hler manifold.
This last term is precisely the quartic term in the fermion fields required to complete the
supersymmetry in the supersymmetric non-linear sigma model. It is interesting to note how
it occurs here, by elimination of the auxiliary field in the low momentum approximation to
which we are working.
It is worthwhile pointing out at this stage that because of the normalisation of the fermions
relative to that of bosons, the fermions must be considered to have associated with them a
factor of
√
p, where p is the momentum scale. With this association all the terms in eq.(16)
are of order p2.
This Lagrangian is supersymmetric by construction and reduces to the standard bosonic chi-
ral Lagrangian when fermionic fields are suppressed and the scalar fields are taken to be real
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- it therefore represents the first order term of a momentum expansion of the supersymmetric
chiral Lagrangian. Following ref.[5] we introduce the Ka¨hler potential, V , defined by
gab =
∂2V (pi, pi)
∂pia∂pib
(17)
allowing our action to be re-written with the superspace Lagrangian density V (Π,Π) - i.e.
the bosonic Ka¨hler potential with the complex scalars replaced by their chiral superfields.
Using eq.(13) we see that the bosonic Ka¨hler potential in this case is
V = picpic +
√
f 2pi − pi.pi
√
f 2pi − pi.pi (18)
We can make contact with the usual bosonic chiral Lagrangian by performing a change
of variables
Πa → Πa = Π′a fpi√
Π′ .Π′
sin
(√
Π′ .Π′
fpi
)
(19)
The action may now be written
I =
f 2pi
2
∫
d8ztrGG† (20)
where we have introduced the matrix (dropping the primes)
G = exp(iτ.Π/fpi) (21)
to display explicitly the previous statement that the pions are coordinates of the manifold
of SL(2C). We therefore consider the matrix valued chiral superfield
G(x, θ, θ) = exp
(
i
fpi
τ.Π
)
= g(y) +
√
2θψ(y) + θ2FG(y) (22)
with component fields g, ψ and FG given by
g(x) = G(x, θ, θ)|, ψα(x) = 1√
2
DαG(x, θ, θ)|, FG(x) = −1
4
DDG(x, θ, θ)| (23)
where Dα is the supersymmetric covariant derivative and | indicates that the expression is
evaluated at θ = θ = 0.
We obtain
g = g(pi(x)) = exp
(
i
fpi
τ.pi
)
(24)
ψα = λ
a
α
∂g
∂pia
(25)
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and
FG = −1
2
λbλa
∂
∂pib
(
∂g
∂pia
)
+ F a
∂g
∂pia
(26)
These closed expressions facilitate the geometrical interpretation of our model namely that
we can relate the fermions ψ to be fermions defined in the tangent space to the Ka¨hler
manifold at the point (pia, pia), related to λa by the vielbein, eAb (pi), given by
eAb (pi) =
1
2
tr
(
τA
∂g
∂pib
)
so that eq.(25) may be rewritten
ψα = δABτ
AeBc (pi)λ
c
α (27)
Because supersymmetry requires that the scalar particles (the pions) be complex, contact
with the bosonic chiral Lagrangian can only be made below the supersymmetry breaking
scale, µ, at which the imaginary parts of the pions, piaI , acquire a mass. Although this scale
is assumed to be far below the chiral symmetry breaking scale, fpi, it would be unnatural
to include a term in the action which did not respect the initial SU(2)L⊗SU(2)R symmetry.
Thus we propose a soft supersymmetry breaking term
ISOFT = −
∫
d8z
µ2
4
θ2θ
2
(
tr
(
HH
)
− 2f 2pi
)
(28)
In terms of the pions (after substituting for the σ fields, eq.(9)) this gives a mass term for
the piaI and a sequence of interaction terms, between the real (pi
a
R) parts and the imaginary
parts of the pions.
ISOFT =
∫
d4x
(
−µ
2
2
pia 2I −
µ2
16f 2pi
(piaRpi
a
I )
2 + ....
)
(29)
Thus we see that the soft supersymmetry breaking term provides a mass for the imaginary
part of the pion, leaving the real part (which we interpret as the usual pion) massless.
The interactions will undoubtedly have an effect, but they are all suppressed by powers of
µ2/f 2pi and thus expected to be small. We note here that the soft breaking term does not
directly contribute a mass to the fermions, λa. However as their masslessness is no longer
protected by supersymmetry, they would be expected to acquire a mass through higher order
interactions. This mass is expected to be of the order of the supersymmetry breaking scale,
µ, but it is quite possible that the fermion masses will be somewhat smaller than µ, and so
the effect of fermion loops will persist some way below the supersymmetry breaking scale.
We now consider the extension of the model to incorporate terms higher than first order in
momentum - the rule is simple; we must include all terms consistent with the SU(2)L⊗SU(2)R
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symmetry and supersymmetry, whilst recovering the usual bosonic chiral Lagrangian in
the appropriate limit. Manifestly, any term containing any power of the Ka¨hler potential,
V = trGG†, satisfies the first constraint. Since V is a vector superfield we immediately look
at the standard kinetic term for a vector supermultiplet which by construction is of fourth
power in momentum.
Introducing the matrix valued chiral superfield
Wα = −1
4
D
2
DαGG
† (30)
we include in our Lagrangian the manifestly supersymmetric term
1
4
D2(trW α)(trWα) =
1
2
(trD)2 − 1
4
trF lmtrFlm − itrη.σm∂mtrη (31)
where in components we have
ηα =
√
2ψαFG − i
√
2σmαα˙(∂mg)ψ
α˙
1
2
D = FGFG − ∂mg∂mg + i
2
(∂mψ)σ
mψ − i
2
ψσm∂mψ (32)
and, as its name suggests, Flm is the 4-dimensional curl of the vector field component, vm,
of the vector superfield GG†, where
vm = ψσmψ + i(g∂mg − ∂mg.g) (33)
Upon expansion in terms of component fields eq.(31) rapidly becomes cumbersome, but it is
supersymmetric and invariant under SU(2)L⊗SU(2)R and it only remains for us to demon-
strate that the usual bosonic chiral Lagrangian is recovered in the limit where fermionic
fields are suppressed and the scalar fields are taken to be real. Recalling eqs(26 and 15) we
see that FG is quadratic in fermionic fields to leading order and so in this limit trη vanishes
and trD is simply
tr
(
∂µU∂
µU †
)
(34)
where U is the unitary matrix exp(iτ.pi/fpi) with pi now a real scalar field. (TrD)
2 therefore
reduces to
tr
(
∂µU∂
µU †
)
tr
(
∂νU∂
νU †
)
(35)
which is one of the second order terms in the usual bosonic chiral Lagrangian.
Similarly, vm and trFlm are now given by
vm = U
†∂mU − ∂mU †.U = 2U−1∂mU
trFlm = 2tr
[
U−1∂mU.U
−1∂lU − U−1∂lU.U−1∂mU
]
(36)
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where we have exploited the fact that U is a unitary matrix. TrFlm vanishes (as expected
from the fact that vm is a pure gauge) and so eq.(31) only contributes one term to the higher
order parts of the bosonic chiral Lagrangian.
Returning to eq.(30) we are able to form a second, independent, SU(2)L⊗SU(2)R invariant
1
4
D2tr (W αWα) (37)
This time we need to consider trD2 and trF lmFlm. TrD
2 gives us nothing new, but, whereas
trFlm vanishes in the bosonic limit, trF
lmFlm does not and we recover the term
tr
(
∂lU
†∂mU
)
tr
(
∂lU †∂mU
)
(38)
This is the second and final addition to the first order term required to duplicate the bosonic
chiral Lagrangian. From this point of view therefore, the full supersymmetric Lagrangian to
second order can be written
L = D2D2trGG† + αD2(trW ρ)(trWρ) + βD2tr(W ρWρ) (39)
where α and β are arbitrary coefficients corresponding to the two arbitrary coefficients in
the higher order terms of the bosonic chiral Lagrangian.
So far we have been considering terms which are by construction invariant under the
supergauge transformation
V → V + Φ+ Φ (40)
where Φ is an arbitrary chiral superfield. There is no a priori reason to impose this constraint
and we now go on to consider terms which do not obey this symmetry (whereas these
terms are not expected to give us anything new in the bosonic limit, they are allowed by
supersymmetry and will be necessary for higher order supersymmetry effects).
We introduce the manifestly chiral (matrix valued) superfield
Z = −1
4
D
2
GG† = Zφ +
√
2θZλ + θ
2ZF (41)
with component fields
Zφ = gFG
Zρλ = ψρFG + igσ
m
ρα˙∂mψ
α˙
ZF = FGFG + g✷g − iψσm∂mψ (42)
where we note that ZF is the only component field containing a term which does not depend
explicitly on the fermions.
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The first order term involving Z,
D2trZ = D2D
2
trGG† (43)
simply repeats eq.(20). Proceeding, we form the next order manifestly supersymmetric term
D2(ZZ) = 2ZφZF − ZλZλ (44)
noting that each term in this expression is at least quadratic in fermions. Most importantly
therefore, this term vanishes in the bosonic limit.
A typical term in eq.(44) (from ZλZλ) is
ψψFGFG (45)
and using our earlier observations that FG is quadratic in fermions to leading order and that
fermions have a factor
√
p associated with them we see that this term is of order p3. We
therefore have a completely novel feature belonging to the supersymmetric form of the chiral
Lagrangian, namely the next term in the momentum expansion is of order p3 - filling the
gap in the usual bosonic model.
Proceeding to fourth order in momentum we have the additional terms
D2D
2
(ZZ) (46)
and
D2(ZZZ) = 3
(
Z2φZF − ZλZλZφ
)
(47)
where we note again that eq.(47) is at least quartic in fermionic fields and so vanishes in the
bosonic limit. The term (46) only differs from the term D2(W αWα) already considered by
the addition of
i
4
D2D
2
σmαα˙(D
αGG†)(D
α˙
∂mGG
†)
This latter expression vanishes when fermionic fields are suppressed and so the effect of (46)
is also to add to the effective chiral Lagrangian new terms which are only present in the
supersymmetric extension.
To obtain meaningful terms in the Lagrangian from the expressions in eqs(44, 46, 47) we
need to take the trace in every possible independent way. We see that there will be two terms
from eq.(44), two from eq.(46) and a further three from eq.(47). Each will have arbitrary
coefficients and, where appropriate, the hermitian conjuate term is to be added, again with
an arbitrary coefficient.
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We thus see that the number (14) of independent next to leading order terms, and
hence the number of arbitrary coefficients to that order, is much larger than for the bosonic
case (where there are just two). This leads to a much richer structure for the effective
action, despite the fact that all but two of these terms become unimportant below the
supersymmetry breaking scale, µ.
It is easy to see how this formalism can be extended to higher chiral symmetry,
SU(N)L⊗SU(N)R. This is simply achieved by defining the matrix H of superfields to be an
N ×N matrix, transforming as an (N,N) of the chiral symmetry. The term det(H)Φ in the
action, eq.(4), now generates higher order, nonrenormalisable terms. This does not bother
us since the linear version is just taken as a guide to construct the effective chiral action.
The constraint on the σ fields, eq.(9), now becomes an N th order equation, from which the
metric on the Ka¨hler SL(NC) manifold can in principle be determined, although the algebra
now becomes intractable.
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